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ABSTRACT
T h is  p a p e r  p r e s e n t s  t h e  r e s u l t s  o f  a n  e x p e r i m e n t a l  
s t u d y  o f  t h e  t r a n s v e r s e  c u r v a t u r e  e f f e c t s  on t h e  t u r b u l e n t  
b o u n d a ry  l a y e r s  fo rm e d  on t h e  o u t s i d e  s u r f a c e  o f  c y l i n d e r s .  
Tubes o f  d i f f e r e n t  d i a m e t e r s  w ere  a l i g n e d  w i t h  t h e i r  a x i s  
p a r a l l e l  t o  t h e  f lo w  o f  a i r  o r  w a t e r .  V e l o c i t y  p r o f i l e s  
w ere  m e a s u re d  i n  t h e  b o u n d a ry  l a y e r  a t  d i f f e r e n t  s t a t i o n s  
a l o n g  t h e  a x i s  o f  t h e  c y l i n d e r s  w i t h  p i t o t  a n d  p i t o t - s t a t i c  
t u b e s .  The c y l i n d e r s  w ere  t e s t e d  i n  a  w ind  t u n n e l  a t  txflo 
d i f f e r e n t  f lo w  s p e e d s ,  v i z i  26 f t . / s e c .  a n d  57 f t . / s e c .
A s i m i l a r  e x p e r im e n t  was c o n d u c te d  i n  a  w a t e r  t u n n e l  w i t h  
f lo w  s p e e d s  o f  2 a n d  2 .7  f t . / s e c .  The c y l i n d e r  d i a m e t e r s  
v a r i e d  from  1 .2 5  i n .  t o  0 .2 5  i n .  an d  t h e  R e y n o ld s  num bers  
b a s e d  on c y l i n d e r  d i a m e t e r s  w ere  i n  t h e  r a n g e  o f  3560  t o  
30800.
I t  was f o u n d  t h a t  i n  t h e  s h a p e  o f  t h e  v e l o c i t y  p r o ­
f i l e s  no s i g n i f i c a n t  d i f f e r e n c e s  e x i s t e d  b e tw e e n  t h e  
b o u n d a ry  l a y e r s  t h a t  fo rm e d  i n  w a t e r  and  t h o s e  t h a t  fo rm ed  
i n  a i r .  A c o m p a r i s o n  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s e s  an d  
th e  momentum t h i c k n e s s e s  o f  t h e  b o u n d a ry  l a y e r s  i n  w a t e r  
an d  a i r  a l s o  l e d  t o  t h e  same c o n c l u s i o n s .
I t  was fo u n d  t h a t  t h e  v e l o c i t y  p r o f i l e s  o f  t h e  t u r ­
b u l e n t  b o u n d a ry  l a y e r s  w ere  a f f e c t e d  by t r a n s v e r s e  c u r v a ­
t u r e .  A g e n e r a l  pow er law  o f  t h e  fo rm
u/U  = ( y / 6 ) 1 / n
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w here  U = f r e e  s t r e a m  v e l o c i t y
u = v e l o c i t y  a t  a n y  p o i n t  i n  t h e  
b o u n d a ry  l a y e r  
y  = d i s t a n c e  p e r p e n d i c u l a r  t o  t h e  
f lo w  m e a s u re d  f ro m  th e  s u r f a c e  
o f  t h e  c y l i n d e r  
6  = t h i c k n e s s  o f  t h e  b o u n d a ry  l a y e r
was fo u n d  t o  be v a l i d  f o r  t h e  t u r b u l e n t  b o u n d a ry  l a y e r
v e l o c i t y  p r o f i l e .  The e x p o n e n t  1 / n  i n  t h e  a b o v e  r e l a t i o n
d e c r e a s e d  w i t h  i n c r e a s i n g  t r a n s v e r s e  c u r v a t u r e .  From t h e
d i f f e r e n t  c y l i n d e r s  t e s t e d  t h e  f o l l o w i n g  r e l a t i o n  b e tw e e n
th e  r a d i u s  o f  t h e  c y l i n d e r  a n d  n  was o b t a i n e d !
( n - 7 ) r 1 ,2 6  = 0 .6 2
w here  r  i s  t h e  c y l i n d e r  r a d i u s  i n  i n c h e s .
The b o u n d a ry  l a y e r  c h a r a c t e r i s t i c s  w ere  a l s o  fo u n d  
t o  be a f f e c t e d  by t r a n s v e r s e  c u r v a t u r e .  The b o u n d a ry  
l a y e r  t h i c k n e s s e s  a n d  d i s p l a c e m e n t  t h i c k n e s s e s  d e c r e a s e d  
w i t h  i n c r e a s i n g  c u r v a t u r e .  Momentum t h i c k n e s s e s  an d  s h e a r  
s t r e s s  c o e f f i c i e n t s  i n c r e a s e d  w i t h  c u r v a t u r e .
T h is  s t u d y  a l s o  p o i n t e d  o u t  t h a t  a  s i n g l e  i n n e r  law  
v e l o c i t y  p r o f i l e  i s  n o t  v a l i d  f o r  a l l  c u r v a t u r e s .  I t  
i n d i c a t e d  t h a t  e a c h  c u r v a t u r e  h a s  i t s  own i n n e r  law  f o r  
t h e  b o u n d a ry  l a y e r .
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1 .  INTRODUCTION
M ost f lo w s  t h a t  o c c u r  i n  p r a c t i c e  a r e  t u r b u l e n t  
a n d  th e  t u r b u l e n t  b o u n d a ry  l a y e r  i s  r e s p o n s i b l e  f o r  t h e  
l a r g e  d r a g  f o r c e s  e x p e r i e n c e d  by  m oving  o b j e c t s .  The a p ­
p a r e n t  s t r e s s e s  c r e a t e d  by t u r b u l e n c e  i n  f l u i d  f lo w  c o n s t i ­
t u t e  m o s t  o f  t h e  r e s i s t a n c e  e n c o u n t e r e d  by  f lo w  i n  a  p i p e .
The t u r b u l e n t  b o u n d a ry  l a y e r  h a s  b e e n  a  t o p i c  o f  
g r e a t  i n t e r e s t  s i n c e  192^ when B u r g e r s  (1 )  an d  Z ig n e n  (2 )  
p u b l i s h e d  t h e i r  w orks  on b o u n d a ry  l a y e r  t r a n s i t i o n .  The 
f l a t  p l a t e  b o u n d a ry  l a y e r  h a s  b e e n  s t u d i e d  q u i t e  e x t e n s i v e l y  
a n d  t h e  b o u n d a ry  l a y e r s  on many o t h e r  k i n d s  o f  s u r f a c e s  a r e  
b e in g  s t u d i e d .
T r a n s v e r s e  c u r v a t u r e  h e r e  d e n o t e s  t h e  c u r v a t u r e  i n  
a  p l a n e  n o rm a l  t o  t h e  f l o w  d i r e c t i o n .  F u n d a m e n ta l  i n f o r ­
m a t i o n  a b o u t  t h e  t r a n s v e r s e  c u r v a t u r e  e f f e c t  i s  n e e d e d  i n  
t h e  c a l c u l a t i o n  o f  f r i c t i o n  on v a r i o u s  m oving  o b j e c t s  s u c h  
a s  s h i p s  an d  s u b m a r i n e s .  I n  t h i s  i n v e s t i g a t i o n  t h e  t u r b u ­
l e n t  b o u n d a ry  l a y e r s  on c i r c u l a r  c y l i n d e r s  o f  v a r i o u s  d i a ­
m e t e r s  w ere  s t u d i e d  e x p e r i m e n t a l l y .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
2 .  SURVEY OF LITERATURE
The s t u d i e s  c o n d u c te d  by  e a r l i e r  i n v e s t i g a t o r s  a r e  
c l a s s i f i e d  a c c o r d i n g  t o  t h e  n a t u r e  o f  t h e i r  w o r k s .  M ost o f  
t h e  e a r l i e r  w o rk s  c o u ld  be a r r a n g e d  i n  tw o s e c t i o n s *  e x p e r i ­
m e n t a l  s t u d i e s  a n d  t h e o r e t i c a l  s t u d i e s .  I n v e s t i g a t i o n s  t h a t  
i n c l u d e  b o t h  t h e o r e t i c a l  a n d  e x p e r i m e n t a l  s t u d i e s  a r e  d i s ­
c u s s e d  i n  b o t h  s e c t i o n s .
2 . 1 ,  E x p e r i m e n t a l  w ork
The f i r s t  w ork on t r a n s v e r s e  c u r v a t u r e  e f f e c t  was 
p u b l i s h e d  a s  e a r l y  a s  1924 b y  Kempf ( 3 ) .  He made a n  e x p e r i ­
m e n t a l  s t u d y  o f  t h e  e f f e c t  o f  t r a n s v e r s e  c u r v a t u r e  u s i n g  
c y l i n d e r s  o f  d i f f e r e n t  l e n g t h s .  He d e t e r m in e d  a v e r a g e  s k i n  
f r i c t i o n  c o e f f i c i e n t s  a t  d i f f e r e n t  f lo w  s p e e d s .
K a rh a n  (4 )  c o n d u c te d  e x p e r i m e n t s  w i t h  p o n to o n s  o f  
d i f f e r e n t  r o u g h n e s s e s  i n  1 9 5 2 .  By c o m b in in g  h i s  r e s u l t s  
w i t h  t h e  e a r l i e r  r e s u l t s  o b t a i n e d  b y  Kempf ( 3 ) .  he d e r i v e d  
a  c u r v a t u r e  c o r r e c t i o n  f o r  t h e  f r i c t i o n  c o e f f i c i e n t .
Hughes ( 5 )  s t u d i e d  t h e  e f f e c t  on a  one i n c h  d i a ­
m e t e r  c y l i n d e r  a n d  p r e d i c t e d  a n  i n c r e a s e  i n  r e s i s t a n c e  w i t h  
a n  i n c r e a s e  i n  t h e  l e n g t h  r a d i u s  r a t i o .  H is  e x p e r i m e n t s  
w ere  a f f e c t e d  by  p r e s s u r e  g r a d i e n t s  o f  unknown m a g n i tu d e .
R ichm ond’ s  ( 6 ) e x p e r i m e n t s  w ere  p e r fo rm e d  on a  one
2
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i n c h  d i a m e t e r  c y l i n d e r  an d  a  w i r e  o f  0 . 02^  i n c h  d i a m e t e r .  
They w ere  m oun ted  u n d e r  t e n s i o n  i n  a  w ind  t u n n e l .  The 
v e l o c i t y  p r o f i l e s  w ere  m e a s u re d  u s i n g  p i t o t  s t a t i c  t u b e s  
and  h o t  w i r e  a n e n o m e t e r s ,  a t  v a r i o u s  a x i a l  d i s t a n c e s .  The 
s k i n  f r i c t i o n  v a l u e s  w ere  c a l c u l a t e d  a n d  a n  i n c r e a s e  o v e r  
f l a t  p l a t e  s k i n  f r i c t i o n  was p r e d i c t e d .  The i n n e r  la w s  f o r  
t h e  b o u n d a ry  l a y e r  w ere  d e r i v e d  an d  p l o t t e d  a s  u+ v s .  
y * ( l  + y / 2 a ) .  The c a l c u l a t i o n  o f  s k i n  f r i c t i o n  was v a l i d  
o n ly  when t h e  l a m i n a r  s u b l a y e r  t h i c k n e s s  i s  n e g l i g i b l e  i n  
c o m p a r i s o n  t o  t h e  r a d i u s  o f  t h e  c y l i n d e r .  So c o n s i d e r a b l e  
e r r o r  was i n t r o d u c e d  i n  t h e  f r i c t i o n  v a l u e s  an d  t h e  i n n e r  
la w  v e l o c i t y  p r o f i l e s  o f  t h e  w i r e .  The v e l o c i t y  m e a s u re m e n ts  
i n  t h e  b o u n d a ry  l a y e r  on t h e  w i r e  was c a r r i e d  o u t  u s i n g  a  
h o t  w i r e  w h ic h  was s u p p o s e d  t o  be c a l i b r a t e d  f o r  m ean f l o w .  
The v e l o c i t y  p r o f i l e  o b t a i n e d  was n o t  f o u n d  t o  o b ey  a  pow er 
l a w .
Yu (7 )  u s e d  a  two i n c h  d i a m e t e r  c y l i n d e r  f o r  h i s  
s t u d y .  The r a d i u s  R e y n o ld s  num bers  w ere  1 5 ,0 0 0 ,  3 0 ,0 0 0 ,  an d  
^ 5 ,0 0 0 .  He u s e d  a  P r e s t o n  t u b e  f o r  s k i n  f r i c t i o n  m e a s u r e ­
m e n ts  w i t h  t h e  c a l i b r a t i o n  g i v e n  b y  L andw eber a n d  S i a o  ( 2 2 ) .  
U s in g  t h e  r e s u l t s  o b t a i n e d  t h e  i n n e r  la w s  a n d  t h e  o u t e r  law s  
o f  t h e  b o u n d a ry  l a y e r  w ere  p r e d i c t e d .
0 4  y+ < 30 u + = y+
30 ^  y+ £  300 I n n e r  l a w s ,
( e q n .  1 0 , r e f .  7 . )
300 4  y+ O u te r  l a w s ,
( e q n .  12 , r e f .  7 . )
Y a s u h a ra  (8 )  s t u d i e d  t h e  e f f e c t  o f  c u r v a t u r e  on
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kl a m i n a r  an d  t u r b u l e n t  b o u n d a ry  l a y e r s  t h a t  fo rm e d  on a  20 mm. 
d i a m e t e r  c y l i n d e r .  The s t u d y  o f  t h e  t u r b u l e n t  b o u n d a ry  
l a y e r  i n d i c a t e d  t h e  g e n e r a l  t r e n d  o f  t h e  b o u n d a ry  l a y e r  
c h a r a c t e r i s t i c s  a l t h o u g h  t h e  r e s u l t s  c o u ld  n o t  be u s e d  f o r  
q u a n t i t a t i v e  p r e d i c t i o n .
B o n s ig n o re  ( 9 ) ,  f rom  h i s  s t u d i e s  o f  a  1 .2 5  i n c h  
d i a m e t e r  c y l i n d e r ,  p r e d i c t e d  a  c h an g e  i n  t h e  s h a p e  o f  t h e  
v e l o c i t y  p r o f i l e  f ro m  t h a t  o f  t h e  f l a t  p l a t e .  He i n d i c a t e d  
a  v a r i a t i o n  o f  t h e  i n d e x  o f  t h e  pow er law  w i t h  c u r v a t u r e .
S in g h  (1 0 )  i n  h i s  s t u d y  o f  w a l l  j e t s  u s e d  c y l i n d e r s  
o f  10 , 3 . 5 .  an d  1 i n c h  d i a m e t e r s .  U s in g  a  P r e s t o n  t u b e  t h e  
f r i c t i o n  c o e f f i c i e n t s  w ere  d e t e r m in e d  a n d  t h e  i n n e r  la w s  
w ere  c a l c u l a t e d  an d  p l o t t e d .
S h i r t l i f f e  (1 1 )  m e a s u re d  t h e  t u r b u l e n t  b o u n d a ry  
l a y e r  v e l o c i t y  p r o f i l e s  on 1/ ^ ,  3 / 8 , 1 /2  an d  1 i n c h  d i a m e t e r  
c y l i n d e r s  o f  tw o f e e t  l e n g t h ,  m oun ted  i n  a  w ind  t u n n e l .
L o c a l  f r i c t i o n  c o e f f i c i e n t s  w ere  p r e d i c t e d  a s s u m in g  t h e  r e ­
s u l t s  o f  S p a rro w  ( 2 0 ) .
V e n k a ta s u b ra m a n ia n  (1 2 )  fo u n d  fro m  h i s  e x p e r i m e n t a l  
s t u d y  t h a t  t h e  u n i v e r s a l  v e l o c i t y  p r o f i l e  i s  n o t  a c c e p t a b l e  
f o r  t h e  c u r v a t u r e  c a s e ,
2 , 2 .  T h e o r e t i c a l  w ork
L andw eber (1 3 )  assum ed  a  o n e - s e v e n t h  pow er law  
v e l o c i t y  d i s t r i b u t i o n  a n d  t h e  B l a s i u s  e m p i r i c a l  s h e a r  s t r e s s  
f o r m u la  f o r  t h e  c a l c u l a t i o n  o f  c u r v a t u r e  e f f e c t .  The v a r i a ­
t i o n  o f pow er law  w i t h  c u r v a t u r e  was n o t  known a t  t h a t  t im e
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5an d  no e f f o r t  f o r  s u c h  a  c o r r e c t i o n  was m ade. The momentum 
t h i c k n e s s  f o r  t h e  b o u n d a ry  l a y e r  on t h e  c y l i n d e r  was d e ­
f i n e d  an d  a  d i f f e r e n t i a t i o n  o f  t h e  momentum t h i c k n e s s  w i t h  
t h e  a ssu m ed  pow er law  l e d  t o  t h e  c o e f f i c i e n t  o f  f r i c t i o n .
The f l a t  p l a t e  s k i n  f r i c t i o n  was a l s o  c a l c u l a t e d  s i m i l a r l y  
a n d  th e  r a t i o s  o f  s k i n  f r i c t i o n s  w ere  o b t a i n e d .
I n  h i s  s t u d y ,  E c k e r t  ( 1 ^ )  made t h e  same a s s u m p t i o n s  
a s  L andw eber (1 3 )«  H is  w ork was a n  e x t e n s i o n  o f  t h e  work 
o f  L an d w eb er  i n t o  t h e  c o m p r e s s i b l e  f l o w  r e g i o n .  B o u n d ary  
l a y e r  t h i c k n e s s ,  d i s p l a c e m e n t  an d  momentum t h i c k n e s s e s ,  an d  
s k i n  f r i c t i o n  c o e f f i c i e n t s  w ere  c a l c u l a t e d  a n d  p l o t t e d  f o r  
d i f f e r e n t  c u r v a t u r e s  an d  d i f f e r e n t  Mach n u m b e rs .
K a rh a n  ( 1 5 ) s e l e c t e d  a  g e n e r a l i z e d  pow er  law  o f  t h e  
fo rm  u /U  = ( y / i ) 1^ 11 f o r  t h e  v e l o c i t y  p r o f i l e  and  c a l c u ­
l a t e d  s k i n  f r i c t i o n  i n  t h e  same way a s  L an d w eb er  (1 3 )  an d  
E c k e r t  ( 1 4 ) ,  He a l s o  o v e r lo o k e d  t h e  c h a n g e  i n  t h e  p o w er  law  
due t o  c u r v a t u r e .  H ow ever, t h e  a s s u m p t io n s  o f  L a n d w eb er ,  
E c k e r t  a n d  K a rh a n  c o u ld  be j u s t i f i e d  t o  some e x t e n t  s i n c e  
t h e i r  s t u d i e s  w ere  o r i e n t e d  to w a r d  t h e  c a l c u l a t i o n  o f  d r a g  
f o r c e s  on s h i p s  w here  t h e  c u r v a t u r e  i s  t o o  s m a l l  t o  c a u s e  
a n y  a p p r e c i a b l e  ch a n g e  i n  t h e  pow er l a w .
T e l f e r  (1 6 )  d e r i v e d  t h e  f o r m u la  f o r  a v e r a g e  s k i n
f r i c t i o n
=  ° - 0 0 1 2  +  [ ^ 3  +  ° - 3" ]  f c H  V 3
By t h i s  f o r m u la  c f  d e c r e a s e s  w i t h  l e n g t h  a t  f i x e d  r a d i u s  
a n d  i n c r e a s e s  w i t h  c u r v a t u r e  f o r  f i x e d  l e n g t h .
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6G i n e v s k i i  a n d  S o l o d k i n  (1 7 )  assum ed  a  s h e a r  s t r e s s  
d i s t r i b u t i o n  o f  t h e  fo rm
“7 "  -
r
f o r  t h e  e n t i r e  b o u n d a ry  l a y e r
-  Afc " /  dy ^ o r  t h e  l a m i n a r  s u b l a y e r
r  = f kV
dy 
I «lu du
d y  f o r  t h e  t u r b u l e n t  c o r ean d  t -  i  "  *  | 4 y 
I t  was f u r t h e r  a ssu m ed  t h a t  t h e  l a m i n a r  s u b l a y e r  e x t e n d e d
u p  t o  y+ = 1 1 . 5 .  V e l o c i t y  p r o f i l e s  w ere  e s t a b l i s h e d  f o r
c o n v e x  a n d  c o n c a v e  s u r f a c e s .
S a s j i m a ,  T a k a j i  a n d  T a n a k a  (1 8 )  s t u d i e d  t h e  c u r v a ­
t u r e  e f f e c t  w i t h  t h e  same a s s u m p t i o n s  a s  G i n e v s k i i  an d  
S o l o d k i n  (1 7 )»  e x c e p t  t h a t  t h e y  assu m ed  t h e  s h e a r  s t r e s s  t o  
be c o n s t a n t  f o r  a n y  r a d i u s  w i t h i n  t h e  l a m i n a r  s u b l a y e r .
The l a m i n a r  s u b l a y e r  was a s su m ed  t o  e x t e n d  o n l y  u p  t o  
y+ = 6 . 8 2 .  The e r r o r  i n t r o d u c e d  by  t h e  a s s u m p t i o n  o f  a
l i n e a r  r e l a t i o n  b e tw e e n  u  a n d  y was l i m i t e d  by a s s u m in g  a  
s m a l l e r  t h i c k n e s s ?  b u t  a t  t h e  same t im e  more e r r o r s  w ere
i n t r o d u c e d  by t h i s ,  s i n c e  t h e  t u r b u l e n t  c o r e  was a s su m ed  t o
e x t e n d  t o  y+ = 6 . 8 2 .  V e l o c i t y  p r o f i l e s  an d  f r i c t i o n  c o e f ­
f i c i e n t s  w ere  c a l c u l a t e d  an d  co m p ared  w i t h  f l a t  p l a t e  v a l u e s .
R e id  a n d  W ilso n  (1 9 )  a l s o  u s e d  t h e  K a r m a n - P r a n d t l  
m ix in g  l e n g t h  t h e o r y  w i t h  0 . 4  a s  t h e  v o n  Karman c o n s t a n t  k .  
T hey  assu m ed  t h e  d i s t r i b u t i o n  o f  s h e a r  s t r e s s
» r  = » r .
an d  p r e d i c t e d  v e l o c i t y  p r o f i l e s  f o r  t h e  l a m i n a r  s u b l a y e r  
an d  t h e  t u r b u l e n t  c o r e .  The r e s u l t s  i n c l u d e d  f r i c t i o n
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7c o e f f i c i e n t s  f o r  sm o o th  an d  r o u g h  c y l i n d e r s .
S p a r ro w ,  E c k e r t  a n d  M inkowycz (2 0 )  p r e d i c t e d  t h e
f r i c t i o n  c o e f f i c i e n t s  by a s s u m in g  a  d i s t r i b u t i o n  f o r  t h e  
e d d y  d i f f u s i v i t y .  They assu m ed  d i f f e r e n t  d i s t r i b u t i o n s  
f o r  r e g i o n s  n e a r  t h e  w a l l  a n d  aw ay f ro m  t h e  w a l l .  They  a l s o  
a ssu m ed  t h e  r e l a t i o n
The i n n e r  la w  was c a l c u l a t e d .
Rao (2 1 )  a ssu m ed  y t  -  CL = /*- f o r  t h e
L a m in a r  s u b l a y e r  an d  t h e  v e l o c i t y  p r o f i l e  f o r  t h i s  r e g i o n  
was o b t a i n e d  a s
From t h i s  f i n d i n g  he i n f e r r e d  t h a t  t h e  v e l o c i t y  p r o f i l e  f o r  
t h e  t u r b u l e n t  c o r e  was«
t h e o r e t i c a l  a n a l y s i s  o f  t r a n s v e r s e  c u r v a t u r e  a ssu m ed  t h e  
u n i v e r s a l  v e l o c i t y  p r o f i l e ,  an d  p r e d i c t e d  s k i n  f r i c t i o n .
The f r i c t i o n  c o e f f i c i e n t  was shown a s  a  f u n c t i o n  o f  Rea an d
R ex .
2 . 3 .  Rem arks
L an d w eb er  ( 1 2 ) ,  E c k e r t  ( 1 * 0 ,  a n d  K a rh a n  (1 5 )»  i n  
t h e i r  w orks  a s su m ed  t h a t  t h e  pow er law  was u n a f f e c t e d  by 
c u r v a t u r e .  T h i s  a s s u m p t i o n  was n o t  s u p p o r t e d  by  a n y  p r e v i o u s
u / ut = ^  l o g  ( r / a )
5 .7 5
The l a m i n a r  s u b l a y e r  was s u p p o s e d  t o  e x t e n d  u p  t o  y+ = 5 
V e n k a ta s u b ra m a n ia n  (1 2 )  ( s e e  S e c t i o n  2 . 1 )  i n  h i s
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8w o rk ,  an d  I f  t h e  pow er  law  i s  a f f e c t e d  by c u r v a t u r e ,  t h e  
c a l c u l a t i o n s  o f  s k i n  f r i c t i o n  made b y  t h e s e  i n v e s t i g a t o r s  
x iould  n o t  be e x a c t .  The s t u d y  o f  B o n s ig n o re  (9 )  i n  1966 
i n d i c a t e d  s u c h  a n  e f f e c t  a l t h o u g h  h i s  work d i d  n o t  e x p l a i n  
c o m p l e t e l y  t h e  c u r v a t u r e  e f f e c t s  on t h e  pow er l a w .  The 
p r e s e n t  i n v e s t i g a t i o n  was u n d e r t a k e n  t o  d e t e r m in e  th e  e x a c t  
e f f e c t s  o f  d i f f e r e n t  c u r v a t u r e s  on t h e  pow er l a w .
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3 .  EXPERIMENTAL STUDY
E x p e r im e n t s  w ere  c o n d u c te d  t o  d e t e i m i n e  t h e  boundary- 
l a y e r  T e l o c i t y  p r o f i l e s  i n  a  w a t e r  t u n n e l  a s  w e l l  a s  i n  a  
w in d  t u n n e l .  The w a t e r  t u n n e l  was f a b r i c a t e d  f o r  t h e  p u rp o s e  
o f  t h i s  s t u d y  an d  t h e  w ind  t u n n e l  was t h e  e x i s t i n g  low  s p e e d  
w ind  t u n n e l  o f  t h e  M e c h a n ic a l  E n g i n e e r i n g  L a b o r a t o r y .
3 . 1 .  W a te r  t u n n e l  s e t  u p
The w a t e r  t u n n e l  h a d  tw o m a in  s e c t i o n s i  a n  i n l e t  
s e c t i o n  a n d  a  t e s t  s e c t i o n  ( F i g .  1 ) .
The i n l e t  s e c t i o n  was made o u t  o f  3 /4 "  t h i c k  plyw ood 
a n d  was 8 f t .  l o n g  a n d  11" x  11" I n s i d e .  The f o u r  c o r n e r s  
o f  t h i s  s e c t i o n  w ere  made w a t e r t i g h t  by a p p l y i n g  r e s o r c i n o l  
g l u e .  The c o n n e c t i n g  p i e c e  shown i n  F i g .  1 , was 15” x  20" 
a n d  was u s e d  t o  c o n n e c t  t h e  i n l e t  s e c t i o n  o f  t h e  t u n n e l  t o  
t h e  o u t l e t  o f  a  h e a d  t a n k .  Two s c r e e n s  w ere  f i x e d  i n s i d e  
t h e  t u n n e l  s o  a s  t o  make t h e  v e l o c i t y  p r o f i l e  m ore u n i f o r m .  
The s c r e e n  1 c o n s i s t e d  o f  a  tw o i n c h  t h i c k  r e s i l a t e x  s c r e e n  
s u p p o r t e d  b o th  s i d e s  by  tw o m e t a l l i c  s c r e e n s .  S c r e e n  2 was 
a  t h i n  m e t a l l i c  s c r e e n .  N ea r  t h e  d o w n s tream  e n d  o f  t h i s  
s e c t i o n  a  f lo w  s t r a i g h t e n e r  was f i x e d  a s  shown i n  F i g .  1 .
The f lo w  s t r a i g h t e n e r  made o u t  o f  s h e e t  m e t a l  had  1" x  1" 
s q u a r e  c e l l s ,  2 i n c h e s  l o n g .  T h i s  p i e c e  s e r v e d  t o  s t o p  an y
9
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s e c o n d a r y  f lo w  s t a r t i n g  i n  t h e  i n l e t  s e c t i o n .
The t e s t  s e c t i o n  ( P i g .  1 . ) ,  made o u t  o f  t h i c k  
p l e x i g l a s s ,  was 6 f t ,  l o n g  a n d  11" x  11" i n s i d e  ( s t a t i c  
p r e s s u r e  t a p s  w ere  l o c a t e d  e v e r y  6" on one s i d e ) .  T h e re  was 
a  window a t  t h e  u p s t r e a m  en d  o f  t h i s  s e c t i o n .  The window 
g av e  a c c e s s  i n t o  t h i s  p a r t  o f  t h e  t u n n e l .  A w a t e r t i g h t  
s h u t t e r  was p r o v i d e d  f o r  t h e  w indow . The i n s i d e  s u r f a c e  o f  
t h i s  s h u t t e r  was e v e n  w i t h  t h e  i n s i d e  s u r f a c e  o f  t h e  t u n n e l  
w a l l  when t h e  window i s  c l o s e d .  A s l o t  w ide  was c u t  a t  
t h e  t o p  o f  t h e  w o rk in g  s e c t i o n .  The s l o t  was f t .  lo n g  
an d  was l o c a t e d  e x a c t l y  a t  t h e  c e n t e r  a s  shown i n  F i g .  2 ,
The s l o t  was p r o v id e d  w i t h  a  c o v e r  made o u t  o f  6 i n c h  lo n g  
p l e x i g l a s s  p i e c e s .  The lo w e r  s u r f a c e  o f  t h e  c o v e r  p i e c e s  
was f l u s h  w i t h  t h e  i n s i d e  t u n n e l  s u r f a c e .
An a d j u s t a b l e  g a t e  was f i x e d  a t  t h e  d o w n s tream  en d  
c f  t h e  t e s t  s e c t i o n .  T h i s  wooden g a t e  had  two p a r t s ,  a  
f i x e d  g a t e  a n d  a  m o v ab le  g a t e .  E ach  was made o u t  o f  r e c ­
t a n g u l a r  b a r s  p l a c e d  h o r i z o n t a l l y  on a  f ra m e  w i t h  g a p s  b e tw e e n  
th e m .  I n  t h e  f u l l y  open  p o s i t i o n  t h e  b a r s  o f  t h e  f i x e d  an d  
m o v ab le  g a t e s  c o i n c i d e d  l e a v i n g  a b o u t  h a l f  o f  t h e  a r e a  o p e n .  
When t h e  m o v ab le  g a t e  was p u l l e d  u p w a rd ,  t h e  o p en  a r e a s  w ere  
g r a d u a l l y  c l o s e d  b y  t h e  b a r s  i n  t h e  m ovab le  g a t e ,  t h e r e b y  
a c h i e v i n g  a  c o n t i n u o u s  v a r i a t i o n  o f  t h e  a r e a  o p en  f o r  t h e  
f l o w .
The w a t e r  f o r  t h e  e x p e r im e n t  was s u p p l i e d  f ro m  th e  
sump below  t h e  f l o o r  by a  c e n t r i f u g a l  pump w i t h  a n  a p p r o x i ­
m a te  c a p a c i t y  o f  3000 g . p .m .  The pump was d r i v e n  by a n
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i n d u c t i o n  m o to r  o f  ^0  H .P .  The w a t e r  f ro m  t h e  pump was 
c a r r i e d  i n  a  one f o o t  d i a m e t e r  p ip e  w i t h  a n  a d j u s t a b l e  v a l v e .  
A m a g n e t i c  f l o w  m e t e r  r e c o r d e d  t h e  f l o w  r a t e  i n  g . p .m .  The 
p ip e  d i s c h a r g e d  t h e  w a t e r  i n t o  a  h e a d  t a n k .  The f lo w  d i a ­
gram i s  shown i n  F i g .  1 .
The t a n k  was V  x  2 '  x  5 ' •  I t  was made o f  wood.
T h e re  was a  11" x  11" o p e n in g  a t  t h e  b o t to m  w h ic h  s e r v e d  a s  
t h e  o u t l e t ,  A r o u n d e d  o u t l e t  was p r o v id e d  t o  g i v e  a  sm o o th  
f l o w  i n t o  t h e  t u n n e l .  The p ip e  w h ic h  d i s c h a r g e d  w a t e r  i n t o  
t h e  t a n k  e x t e n d e d  t o  t h e  b o t to m  t o  r e d u c e  a i r  e n t r a i n m e n t .
3 . 2 .  Auxiliary equipment
Two r i g i d  m e t a l l i c  s u p p o r t s  w ere  e r e c t e d  a t  t h e  down­
s t r e a m  en d  o f  t h e  t e s t  s e c t i o n  an d  t h e s e  two s u p p o r t s  h e l d  
t h e  t e s t  c y l i n d e r  f i r m l y  w i t h  t h e  c y l i n d e r  a x i s  c o i n c i d i n g  
w i t h  t h e  c e n t e r  l i n e  o f  t h e  t u n n e l .
T h in  w i r e s  o f  25 t h o u ,  d i a m e t e r  w ere  f i x e d  t o  t h e  
t e s t  t u b e s  a t  t h e  l e a d i n g  e d g e .  The w i r e s  p a s s e d  t h r o u g h  
t h e  t u n n e l  w a l l  a n d  t h e  e n d s  w ere  c o n n e c te d  t o  f o u r  t u r n -  
b u c k l e s  w h ic h  w ere  f i x e d  on one e n d .  The t u r n b u c k l e s  p e r ­
m i t t e d  m in o r  a d j u s t m e n t s  o f  t h e  t e s t  c y l i n d e r  a l i g n m e n t .
The t e s t  c y l i n d e r  was a l i g n e d  a l o n g  th e  c e n t e r  o f  t h e  t u n n e l  
w i t h  r e f e r e n c e  t o  t h e  t u n n e l  w a l l s .
The t r a v e r s i n g  m echan ism  shown i n  F i g .  2 .  i n c l u d e d  
a runw ay  made o f  a lu m in iu m  a n d  a  c a r r i a g e  f o r  t h e  p i t o t  tu b e  
w h ic h  c o u l d  be moved a l o n g  t h e  ru n w a y .  The runw ay  was f i x e d  
t o  t h e  t o p  o f  t h e  t u n n e l  i n  s u c h  a  way t h a t  t h e  p i t o t  tu b e
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l a y  I n  t h e  v e r t i c a l  p l a n e  o f  t h e  c e n t e r l i n e  o f  t h e  t e s t  
c y l i n d e r .  The p i t o t  t u b e  p a s s e d  t h r o u g h  a  c o v e r  p i e c e  
f i t t e d  i n  t h e  s l o t  o f  t h e  t u n n e l  w a l l .  T u r n in g  o f  t h e
h a n d l e ,  shown i n  F i g .  2 . ,  c a u s e d  t h e  p i t o t  t u b e  t o  move up
o r  down, an d  t h e  p i t o t  tu b e  p o s i t i o n  c o u l d  be r e a d  a c c u r a t e l y  
t o  0 .0 0 1 ” , The p i t o t  tu b e  p o s i t i o n s  w ere  r e a d  w i t h  r e f e r e n c e
t o  a n  i n i t i a l  r e a d i n g  t a k e n  when t h e  p i t o t  t u b e  to u c h e d  th e
c y l i n d e r  s u r f a c e .  The s l o t  a n d  t h e  runw ay  h e l p e d  t o  f i x  
t h e  p i t o t  tu b e  a t  a n y  l o c a t i o n  a l o n g  t h e  a x i s  o f  t h e  t e s t  
t u b e ,
3 . 3 .  Wind t u n n e l  s e t  up
The w ind  t u n n e l  u s e d  was t h e  c l o s e d  c i r c u i t  low 
s p e e d  w in d  t u n n e l  o f  t h e  M e c h a n ic a l  E n g i n e e r i n g  L a b o r a t o r y .
The w o rk in g  s e c t i o n  was 30" x  30" an d  25 f t .  l o n g .  The t o p  
w a l l  o f  t h e  w ind  t u n n e l  was p r e a d j u s t e d  t o  g i v e  z e r o  p r e s s u r e  
g r a d i e n t .  The t u n n e l  was r u n  b y  a  20 H .P .  v a r i a b l e  s p e e d  
i n d u c t i o n  m o to r .
Two r i g i d  m e t a l l i c  s u p p o r t s ,  s i m i l a r  t o  t h e  s u p p o r t s  
u s e d  i n  t h e  w a t e r  t u n n e l ,  w ere  u s e d  t o  h o l d  t h e  t e s t  c y l i n d e r s .  
The s u p p o r t s  w ere  one f o o t  a p a r t  an d  w ere  f i x e d  t o  t h e  t u n n e l  
w a l l  a t  t h e  d o w n s tre a m  en d  o f  t h e  t e s t  s e c t i o n  o f  t h e  t u n n e l .  
The o v e r h a n g in g  p o r t i o n s  o f  t h e  t e s t  c y l i n d e r s  w ere  s u p p o r t e d  
by s m a l l  w i r e s  o f  25 t h o u ,  d i a m e t e r .  The a r r a n g e m e n t  i s  
shown i n  F i g .  3 .  The t u r n b u c k l e s  shown i n  t h e  f i g u r e  w ere  
h e l p f u l  i n  s m a l l  a d j u s t m e n t s  o f  t h e  t e s t  c y l i n d e r  w h i l e  
a l i g n i n g  t h e s e  t u b e s  w i t h  t h e  c e n t e r l i n e  o f  t h e  t u n n e l .
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The t r a v e r s i n g  m echan ism  c o n s i s t e d  o f  t h e  same r u n ­
way an d  c a r r i a g e  u s e d  i n  t h e  w a t e r  t u n n e l .  A v e r t i c a l  s tem  
was f i x e d  on t h e  c a r r i a g e  on w h ic h  t h e  p ro b e  c o u l d  be s u p ­
p o r t e d  a n d  t h e  t r a v e r s i n g  c o u ld  be d o n e .  I n  t h i s  s e t  u p  a  
p i t o t - s t a t i c  tu b e  was h e l d  h o r i z o n t a l l y ,  i n  t h e  p l a n e  o f  
t h e  a x i s  o f t h e  t e s t  c y l i n d e r .  The p i t o t - s t a t i c  tu b e  had  
a n  i n s i d e  d i a m e t e r  o f  20 t h o u ,  f o r  t h e  t o t a l  p r e s s u r e  t a p p i n g .  
To a v o i d  a n y  e f f e c t s  o f  t h e  t r a v e r s i n g  m echan ism  on t h e  
r e a d i n g s ,  a  p a r a l l e l  b a r  was f i x e d  t o  t h e  p i t o t - s t a t i c  tu b e  
a n d  t h i s  b a r  was h e l d  b e tw e e n  t h e  c o l l a r s  o f  t h e  t r a v e r s i n g  
m e c h a n ism . By d o in g  s o ,  t h e  p i t o t - s t a t i c  tu b e  was p l a c e d  
s e v e r a l  i n c h e s  u p s t r e a m  o f  t h e  s tem  o f  t h e  c a r r i a g e ,  a 
f l e x i b l e  s h a f t  was f i x e d  t o  t h e  h a n d le  o f  t h e  t r a v e r s i n g  
m ech an ism , a s  shown i n  F i g .  3*> a n d  t h e  o t h e r  en d  o f  t h i s  
s h a f t  p a s s e d  t h r o u g h  t h e  t u n n e l  w a l l .  From t h i s  end  t r a ­
v e r s i n g  c o u l d  be d o n e ,  a n d  t h e  e x a c t  p o s i t i o n  o f  t h e  p ro b e  
c o u l d  be r e a d  t h r o u g h  th e  t r a n s p a r e n t  p l e x i g l a s s  w indows o f  
t h e  w ind  t u n n e l .  The t o t a l  a n d  s t a t i c  p r e s s u r e  t a p s  o f  t h e  
p ro b e  w ere  c o n n e c t e d  t o  a  L a m b re c h t  m a n o m e te r .  The m an o m ete r  
d i r e c t l y  i n d i c a t e d  t h e  dynam ic  p r e s s u r e .
The t r a v e r s i n g  m echan ism  an d  t h e  t e s t  c y l i n d e r  w ere 
c o n n e c te d  w i t h  a  f l a s h l i g h t  c e l l  an d  a  m i l l i v o l t  m e t e r  i n  
s e r i e s .  When t h e  p ro b e  was i n  c o n t a c t  w i t h  t h e  s u r f a c e  o f  
t h e  c y l i n d e r ,  t h e  v o l t  m e t e r  r e g i s t e r e d  a n  e l e c t r i c  p o t e n ­
t i a l .  T h is  was u s e d  t o  t a k e  t h e  i n i t i a l  r e a d i n g  when t h e  
p ro b e  was t o u c h i n g  t h e  c y l i n d e r .
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5 . 4 .  E x p e r i m e n t a l  P r o c e d u r e
A. W a te r  t u n n e l  e x p e r im e n t
The c y l i n d e r s  t e s t e d  i n  t h e  w a t e r  t u n n e l  w ere  1 , 2 5 " ,  
3 / 4 " ,  an d  1 /2 "  i n  d i a m e t e r .  They w ere  6 f t ,  l o n g  a lu m in iu m  
t u b e s .  The o u t s i d e  s u r f a c e  o f  t h e  t u b e s  was p o l i s h e d  an d  
a t  t h e  l e a d i n g  ed g e  t h e  i n s i d e  o f  t h e  t u b e  was t a p e r e d  w h ic h  
g av e  a  s h a r p  l e a d i n g  e d g e .  The i n s i d e  o f  t h e  t u b e  was k e p t  
o p en  f o r  t h e  f l o w  a n d  t h e  s h a r p  l e a d i n g  edge  d i v i d e d  t h e  
f l o w  w i t h o u t  s e p a r a t i o n  f ro m  t h e  o u t s i d e  s u r f a c e  a t  t h e  
l e a d i n g  e d g e .
F i g .  4 .  s p e c i f i e s  t h e  c o o r d i n a t e  s y s te m  u s e d  f o r  t h i s  
e x p e r i m e n t a l  s t u d y .  V e l o c i t y  p r o f i l e s  w ere  m e a s u re d  a t  d i f ­
f e r e n t  s t a t i o n s  l o c a t e d  a l o n g  t h e  a x i s .  The s t a t i o n s  w ere  
f ro m  x = 1 f t .  t o  x  = 5 f t ,  a t  1 f t .  i n t e r v a l s .  A p i t o t  
t u b e  o f  50 t h o u ,  i n s i d e  d i a m e t e r  was u s e d  f o r  m e a s u r in g  t h e  
t o t a l  p r e s s u r e .  The s t a t i c  p r e s s u r e s  i n d i c a t e d  b y  a l l  t h e  
w a l l  t a p s  w ere  f o u n d  t o  a g r e e  w i t h  t h e  s t a t i c  p r e s s u r e  o b ­
t a i n e d  f ro m  a  p i t o t - s t a t i c  t u b e ,  a n d  s o  one o f  t h e  w a l l  t a p s  
was u s e d  f o r  m e a s u r in g  th e  s t a t i c  p r e s s u r e .  The p i t o t  tu b e  
was b r o u g h t  i n  c o n t a c t  w i t h  t h e  c y l i n d e r  f o r  t h e  f i r s t  
r e a d i n g .  L a t e r  on r e a d i n g s  w ere  t a k e n  a t  25 t h o u ,  i n t e r v a l s  
t i l l  0 .1  i n c h  o r d i n a t e  a n d  t h e n  a t  50 t h o u ,  i n t e r v a l s .
E x p e r im e n ts  w ere  c o n d u c te d  a t  two d i f f e r e n t  f l o w  
s p e e d s  o f  a p p r o x i m a t e l y  2 . 2  an d  2 . 7  f t . / s e c .  H ig h e r  v e l o ­
c i t i e s  c o u l d  n o t  be o b t a i n e d  s i n c e  t h e  h e i g h t  o f  t h e  h e a d  
t a n k  was l i m i t e d .  The w a t e r  l e v e l  i n  t h e  t a n k  was shown 
b y  a  g l a s s  t u b e  on t h e  t a n k  w a l l .  The e x p e r i m e n t  was
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c o n d u c te d  o n ly  when t h e  w a t e r  l e v e l  i n  t h e  t a n k  r e m a in e d  
c o n s t a n t  a n d  t h e  m a g n e t i c  f lo w  m e t e r  i n d i c a t e d  c o n s t a n t  
f lo w  r a t e  i n t o  t h e  t a n k .  I n  o t h e r  w o rd s ,  a  c o n s t a n t  f l o w  
r a t e  t h r o u g h  t h e  t u n n e l  was m a i n t a i n e d  d u r i n g  t h e  e x p e r i m e n t .
B. Wind t u n n e l  e x p e r i m e n t
T h ree  c y l i n d e r s  o f  1 " ,  a n d  d i a m e t e r s  w ere  
t e s t e d  i n  t h e  w ind  t u n n e l .  They w ere  10 f t .  l o n g  a lu m in iu m  
t u b e s .  The t u b e s  w ere  p r e p a r e d  i n  t h e  same way a s  t h e  
t u b e s  u s e d  i n  t h e  w a t e r  t u n n e l  a n d  w ere  w i t h  t h e  same ty p e  
o f  l e a d i n g  e d g e .
The v e l o c i t y  p r o f i l e s  w ere  m e a s u re d  w i t h  a  p i t o t -  
s t a t i c  tu b e  a t  s t a t i o n s  l o c a t e d  a t  a x i a l  d i s t a n c e s  o f  1 t o  
8 f t .  The s t a t i o n s  w ere  a t  1 f t .  i n t e r v a l s  a s  i n  t h e  p r e v i o u s  
c a s e .  R e a d in g s  w ere  t a k e n  a t  15 t h o u ,  i n t e r v a l s  t i l l  60 
t h o u . ,  25 t h o u ,  i n t e r v a l s  t i l l  0 . 1  i n c h  an d  50 t h o u ,  i n t e r v a l s  
f o r  t h e  r e s t  o f  t h e  b o u n d a ry  l a y e r  t h i c k n e s s .
The f l o w  s p e e d s  u s e d  f o r  t h e  e x p e r im e n t  w ere  a p p r o x i ­
m a t e l y  26 f t . / s e c ,  a n d  57 f t . / s e c .  S in c e  th e  maximum s p e e d  
a l l o w e d  f o r  t h e  d r i v i n g  m o to r  o f  t h e  t u n n e l  was l i m i t e d  t o  
12000 r . p . m . ,  h i g h e r  v e l o c i t i e s  c o u l d  n o t  be a c h i e v e d  f o r  
t h e  e x p e r i m e n t .  The t e m p e r a t u r e  r e m a in e d  m ore o r  l e s s  c o n ­
s t a n t  a t  75°F  w h i l e  t h e  e x p e r i m e n t s  w ere  c a r r i e d  o u t .
3 .5 *  P r e c a u t i o n s  t a k e n
B e fo re  t h e  e x p e r i m e n t s  w ere  c o n d u c te d ,  t h e  w a t e r  
t u n n e l  was r u n  w i t h o u t  t e s t  c y l i n d e r s  a n d  th e  v e l o c i t y  p r o f i l e  
was m e a s u re d  f ro m  t o p  t o  b o t t o m .  The p r o f i l e  was f o u n d  t o
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be s y m m e t r ic a l  a b o u t  th e  c e n t e r l i n e  and  th e  t h i c k n e s s  o f  
t h e  b o u n d a ry  l a y e r s  on t h e  w a l l s  was a b o u t  1 3 /^ " *  A 
h o r i z o n t a l  t r a v e r s i n g  from  w a l l  t o  w a l l  was n o t  p o s s i b l e  
and th e  p r o f i l e  was n o t  t e s t e d  in  t h i s  d i r e c t i o n .  I t  was 
found  by t h e  v e r t i c a l  t r a v e r s i n g  t h a t  a p a r t  f ro m  t h e  b o u n d a ry  
l a y e r s  on t h e  w a l l s ,  t h e  r e s t  o f  t h e  a r e a  had  a n  a p p r o x i m a t e l y  
u n i fo r m  v e l o c i t y .
The w a t e r  t u n n e l  was a l s o  t e s t e d  f o r  a n y  m a jo r  
e d d i e s .  A dye was i n j e c t e d  f ro m  th e  s i d e  a t  t h e  u p s t r e a m  
end and t h e  f lo w  p a t t e r n  was o b s e r v e d .  The t e s t  c o n f i rm e d  
t h a t  t h e r e  w ere  no e d d i e s  i n  t h e  f lo w .
Symmetry o f  f lo w  a ro u n d  t h e  c y l i n d e r  was ch eck ed  by 
m e a s u r in g  t h e  v e l o c i t y  p r o f i l e  a l o n g  t h r e e  d i f f e r e n t  
r a d i a l  p a t h s .  T h is  was done  i n  t h e  wind t u n n e l .  No su ch  
c h e c k  c o u ld  be made i n  t h e  w a t e r  t u n n e l  e x p e r i m e n t .
A m e a su re m e n t o f  t h e  w ind t u n n e l  t u r b u l e n c e  was 
c o n d u c te d  a t  t h e  two s p e e d s  a t  w h ic h  t h e  e x p e r i m e n t s  w ere  
c a r r i e d  o u t .  The p e r c e n t a g e  o f  t u r b u l e n c e  was c a l c u l a t e d  
f o r  e a c h  sp eed  from  h o t  w i r e  anem o m ete r  r e a d i n g s  and  th e y  
w ere  :
0 . 3 2 8  f o r  27 f t . / s e c .
0 , 62^ f o r  58 f t . / s e c .
To a v o id  t h e  e r r o r  in  y - o r d i n a t e  due to  t h e  c l e a r a n c e  
b e tw e e n  t h e  d i f f e r e n t  sc rew  t h r e a d s  in  t h e  t r a v e r s i n g  
m ech an ism , t h e  h a n d le  was r o t a t e d  o n l y  i n  one d i r e c t i o n  
w h i l e  t r a v e r s i n g .
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4 .  RESULTS AND DISCUSSION
4 . 1 .  V e l o c i t y  p r o f i l e s  
A. V e l o c i t y  p r o f i l e s  f o r  f l a t  p l a t e
The f l a t  p l a t e  v e l o c i t y  p r o f i l e s  w ere  n o t  s t u d i e d  
i n  t h i s  i n v e s t i g a t i o n  s i n c e  t h e  l / 7 t h  pow er la w  i s  g e n e r a l l y  
a c c e p t e d  f o r  t h e  r a n g e  o f  R e y n o ld s  num bers  u s e d .  So f o r
t h e  f l a t  p l a t e  t h e  l / 7 t h  pow er law  was a s s u m e d .
3 .  V e l o c i t y  p r o f i l e s  f o r  t h e  c y l i n d e r s
The v e l o c i t y  p r o f i l e s  o b t a i n e d  f o r  d i f f e r e n t  c y l i n d e r s  
a t  d i f f e r e n t  s t a t i o n s  a r e  shown i n  F i g u r e s  5 t o  1 0 .
F o r  t h e  v e l o c i t y  p r o f i l e s  t h e  b o u n d a ry  l a y e r  t h i c k ­
n e s s  was f i x e d  a s  t h e  y - o r d i n a t e  when u /U  = 0 .9 9 «  T h is  l i m i t  
was t a k e n  f ro m  a n  a v e r a g e  c u r v e  com pu ted  f ro m  t h e  o b s e r v e d  
d a t a .  The b o u n d a ry  l a y e r  t h i c k n e s s e s  a r e  e n t e r e d  i n  T a b le  1 .  
When th e  b o u n d a ry  l a y e r  t h i c k n e s s e s  w ere  co m p ared  w i t h  t h o s e  
o f  t h e  f l a t  p l a t e  d e r i v e d  f ro m  l / 7 t h  pow er l a w ,  i t  was f o u n d  
t h a t  t h e  t r a n s v e r s e  c u r v a t u r e  c a u s e d  a  r e d u c t i o n  i n  b o u n d a ry  
l a y e r  t h i c k n e s s .  T h is  e f f e c t  i s  shown i n  F i g .  1 1 .  The f l a t  
p l a t e  b o u n d a ry  l a y e r  t h i c k n e s s  was t h e  maximum. The b o u n d a ry
l a y e r  t h i c k n e s s  w en t  on d e c r e a s i n g  w i t h  c u r v a t u r e  and  
d i a m e t e r  c y l i n d e r  h ad  t h e  l e a s t  t h i c k n e s s .
The v e l o c i t y  p r o f i l e s  o b t a i n e d  f o r  e a c h  c y l i n d e r
17
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w ere  fo u n d  to  b e a r  s i m i l a r i t y .  T h a t  i s ,  t h e  n o n d im e n s io n a l  
v e l o c i t y - p r o f i l e s  re m a in e d  u n ch an g ed  f o r  e a c h  c y l i n d e r  
i r r e s p e c t i v e  o f  t h e  a x i a l  d i s t a n c e .  T h i s  i s  shown i n  P i g ,  12 
and F i g .  13* In  m o st c a s e s  t h e  s i m i l a r i t y  s t a r t e d  f rom  an  
a x i a l  d i s t a n c e  o f  4 f t ,  f rom  t h e  l e a d i n g  e d g e ,  e v e n  th o u g h
in  a  few c a s e s  s i m i l a r i t y  was o b t a i n e d  ev en  a t  3 I t .  d i s t a n c e .
1 / nA l l  v e l o c i t y  f r o f i l e s  obeyed  t h e  r e l a t i o n  u/U = ( y / $ )  .
F o r  e a c h  t e s t  c y l i n d e r  a  v a l u e  o f  n was fo u n d  t o  r e m a in  
c o n s t a n t  a s  shown in  F i g .  1 3 ,  i r r e s p e c t i v e  o f  f lo w  v e l o c i t y  
o r  a x i a l  d i s t a n c e .  At t h i s  p o i n t  i t  i s  i n t e r e s t i n g  to  n o t e  
t h e  p a p e r  (2*0 by  N i k u r a d s e ,  He r e l a t e d  n  to  R e y n o ld s  
n u m b er .  The R e y n o ld s  num ber e f f e c t  on n ,  w h ich  he p r e d i c t e d  
was v e r y  s m a l l  and  t h e  v a r i a t i o n  o f  f lo w  s p e e d  a c h ie v e d  in  
t h e  e x p e r i m e n t s  was n o t  s u f f i c i e n t  enough  to  i n d i c a t e  an y  
su c h  e f f e c t .
In  F i g .  1*+ t h e  n o n d im e n s io n a l  v e l o c i t y  p r o f i l e s  
a r e  shown f o r  d i f f e r e n t  c y l i n d e r s .  The f l a t  p l a t e  v e l o c i t y  
p r o f i l e  a c c o r d i n g  t o  t h e  1 / 7 t h  pow er law  i s  a l s o  show n. The 
v e l o c i t y  p r o f i l e s  o f  t h e  c y l i n d e r s  c o u ld  be s e e n  t o  h a v e  
l a r g e r  v e l o c i t y  g r a d i e n t s  a t  s m a l l  y - o r d i n a t e s  an d  s m a l l e r  
g r a d i e n t s  a t  l a r g e  y - o r d i n a t e s  com pared  t o  t h e  f l a t  p l a t e  
p r o f i l e .
T t was o b s e rv e d  t h a t  in  t h e  r e g i o n  o f  s i m i l a r i t y  
t h e  v a l u e  o f  n d e p e n d e d  v e r y  much on t h e  r a d i u s  o f  t h e  tu b e  
(See  F i g .  1 5 ) .  n  i n c r e a s e d  w i t h  c u r v a t u r e .  The e x p e r i m e n t s  
c o n d u c te d  b o th  i n  t h e  w a t e r  t u n n e l  an d  t h e  w ind t u n n e l  s u p p o r t e d  
t h i s  e f f e c t  and a l s o  t h e  v a l u e s  o f  n  o b t a i n e d  i n  b o t h  c a s e s
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showed v e r y  good  a g r e e m e n t .
D ia m e te r
i n  i n c h e s  1 . 25* 1 0 .7 5 *  0 . 5  0 .5 *  0 . 2 5
n  7 .7  8 9 . 4  1 0 .9  1 0 .9  1 5 .3
( * T e s t s  w ere  c o n d u c te d  i n  w a t e r  t u n n e l )
From t h e  r e l a t i o n  u /U  = ( y / j  ) * / n  t h e  v a l u e  o f  n  was 
c a l c u l a t e d  f o r  e a c h  o b s e r v e d  d a t a  a n d  th e  a v e r a g e  n  was 
f o u n d  f o r  e a c h  s t a t i o n .  T hese  v a l u e s  a r e  shown i n  T a b le  2 .
The a v e r a g e  o f  t h e s e  v a l u e s  o f  n  was c a l c u l a t e d  f o r  s t a t i o n s  
l o c a t e d  i n  t h e  r e g i o n  o f  s i m i l a r i t y  f o r  e a c h  c y l i n d e r  an d
t h e  new v a l u e s  a r e  shown i n  t h e  t a b l e  a b o v e .
The a b o v e  t a b l e  i n d i c a t e d  th e  e x i s t e n c e  o f  a  r e l a ­
t i o n  b e tw e e n  n  a n d  r a d i u s  a .  S in c e  th e  e x p e r i m e n t s  f a i l e d  
t o  i n d i c a t e  a n y  e f f e c t  o f  f lo w  s p e e d  on t h e  v a l u e  o f  n ,  i n  
no way c o u ld  t h e  r a d i u s  o f  t h e  c y l i n d e r  be e x p r e s s e d  n o n -  
d i m e n s i o n a l l y .  So a  r e l a t i o n  b e tw e e n  n  a n d  r a d i u s  was o b ­
t a i n e d  k e e p i n g  a  i n  d i m e n s i o n a l  f o r m .  A p r e l i m i n a r y  i n v e s ­
t i g a t i o n  l e d  t o  t h e  r e l a t i o n *
( n - 7 )  a k l  = k 2
The r e l a t i o n  h ad  t h e s e  o b v io u s  a d v a n ta g e s *
( 1 ) a  —» eo n  —»  7 / F l a t  p l a t e  a n d  l / 7 t h  pow er  l a w /
(2 )  a  —*■ O n  — eo /T h e  o b j e c t  v a n i s h e s  a n d  t h e
b o u n d a ry  l a y e r  a l s o  v a n i s h e s /
U s in g  t h e  e x p e r i m e n t a l  v a l u e s  o f  n  an d  a  t h e  b e s t  v a l u e s  o f  
kj_ an d  k 2 w ere  d e t e r m in e d  s i m u l t a n e o u s l y  by u s i n g  t h e  p r o ­
gram  o f  A p p e n d ix  1 .  i n  a n  I .B .M .  3 6 0 -4 0  c o m p u te r .  The f i n a l
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r e l a t i o n  was*
( n - 7 ) a 1 *26 = 0 . 6 2 a  i n  i n c h e s
I n  F i g .  l 6 . t h e  f i n a l  r e l a t i o n  o f n  a n d  r a d i u s  a  shows very- 
good  a g r e e m e n t  w i t h  t h e  e x p e r i m e n t a l  p o i n t s .  A few v a l u e s  
o f  n  a v a i l a b l e  f ro m  o t h e r  e x p e r i m e n t a l  i n v e s t i g a t o r s  l i k e  
Yu (7 )  an d  Richmond ( 6 ) a l s o  i n d i c a t e d  good  a g r e e m e n t .  The 
v e l o c i t y  p r o f i l e s  m e a s u re d  b y  o t h e r  i n v e s t i g a t o r s  c o u l d  n o t  
be co m p ared  due t o  n o n a v a i l a b i l i t y  o f  d a t a .
f i r s t  ^  f t .  o f  a x i a l  d i s t a n c e  showed a  v a r i a t i o n  o f  n  w i t h  
x - d i s t a n c e .  I t  was o b s e r v e d  t h a t  n  g r a d u a l l y  d e c r e a s e d  w i t h  
a x i a l  d i s t a n c e .  B u t  t h e  r e s u l t s  w ere  n o t  c o n v i n c i n g  en o u g h  
t o  make p o s i t i v e  c o n c l u s i o n s .  However t h e  o b t a i n e d  v a l u e s  
o f  n  a r e  shown i n  F i g .  1 ? .
^ . 2 .  D is p la c e m e n t  t h i c k n e s s
f o r  t h e  f l a t  p l a t e  was n o t  a p p l i c a b l e  h e r e  s i n c e  a s  t h e  
r a d i u s  c h a n g e s ,  a  v a r i a t i o n  o f  c i r c u m f e r e n t i a l  a r e a  i s  t a k i n g  
p l a c e .  So t h e  new d e f i n i t i o n  u s e d  f o r  t h e  d i s p l a c e m e n t  
t h i c k n e s s  i s j
f o r  e a c h  c y l i n d e r  a t  d i f f e r e n t  s t a t i o n s .  The d i s p l a c e m e n t  
t h i c k n e s s e s  a r e  f o u n d  t o  d e c r e a s e  w i t h  c u r v a t u r e  a s  s e e n  
i n  F i g .  1 8 .  T h is  d e c r e a s e  was c a u s e d  by t h e  c u r v a t u r e  e f f e c t  
on t h e  v e l o c i t y  p r o f i l e .  A l th o u g h  t h e  e f f e c t  o f  t h e  c u r v a t u r e
The v e l o c i t y  p r o f i l e s  o b t a i n e d  a t  s t a t i o n s  i n  t h e
The d e f i n i t i o n  o f  t h e  d i s p l a c e m e n t  t h i c k n e s s  u s e d
= J  (1  -  u / u )  (1  + y / a )  d y  ( s e e  A p p e n d ix  2 .)  
T a b le  3« shows t h e  d i s p l a c e m e n t  t h i c k n e s s e s  o b t a i n e d
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
21
t e rm  y / a  i n  t h e  d e f i n i t i o n  was t o  i n c r e a s e  t h e  v a l u e ,  t h e  
n e t  r e s u l t  was a  d e c r e a s e ,
4 . 3 ,  K ome ntum t h i  ckne  s  s
J u s t  a s  i n  s e c t i o n  4 . 2 .  t h e  new d e f i n i t i o n  u s e d  f o r  
t h e  momentum t h i c k n e s s  i s i
= X  ( u / u ) ( l  -  u /U ) (1  + y / a )  dy
T a b le  4 ,  shows t h e  momentum t h i c k n e s s e s  c a l c u l a t e d  
by t h e  a b o v e  d e f i n i t i o n .  I n  momentum t h i c k n e s s  t h e  e f f e c t  
o f  t h e  c u r v a t u r e  te rm  y / a  was q u i t e  s i g n i f i c a n t .  The c u r v a ­
t u r e  e f f e c t  on t h e  v e l o c i t y  p r o f i l e  c a u s e d  th e  momentum 
t h i c k n e s s  t o  d e c r e a s e  f ro m  t h e  v a l u e  o f  f l a t  p l a t e .  B ut 
t h i s  d e c r e a s e  i s  g r a d u a l l y  overcom e by t h e  e f f e c t  o f  t h e  
c u r v a t u r e  te rm  i n  t h e  d e f i n i t i o n .  F i g .  1 9 .  show s t h e  t o t a l  
c u r v a t u r e  e f f e c t  on  t h e  momentum t h i c k n e s s .
4 . 4 .  s k i n  F r i c t i o n
M e a su re m e n ts  o f  l o c a l  s k i n  f r i c t i o n  c o e f f i c i e n t s  
w ere  c o n d u c te d  by Yu (7 )  an d  S in g h  ( 1 0 ) ,  u s i n g  P r e s t o n ' s  
m ethod  o f u s i n g  a  c a l i b r a t e d  s t a g n a t i o n  t u b e .  The c a l i ­
b r a t i o n  u s e d  by Yu was o b t a i n e d  from  L andw eber an d  S i a o  (2 2 )  
w h ic h  was b a s e d  on t h e  l o g a r i t h m i c  la w  o f  t h e  f l a t  p l a t e  
b o u n d a ry  l a y e r .  The a s s u m p t io n  t h a t  t h e  l o g a r i t h m i c  law  
o f  t h e  f l a t  p l a t e  was v a l i d  f o r  t h e  b o u n d a ry  l a y e r  w i t h  
t r a n s v e r s e  c u r v a t u r e  was q u e s t i o n a b l e .  The l o c a l  s k i n  
f r i c t i o n  c o e f f i c i e n t s  w ere  p r e d i c t e d  an d  a s  e x p e c t e d  t h e  
i n n e r  la w s  c a l c u l a t e d  u s i n g  t h e s e  f r i c t i o n  v a l u e s  t u r n e d
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o u t  t o  be d i f f e r e n t  f ro m  t h e  l o g a r i t h m i c  la w .  However t h e  
e r r o r s  w ere  n o t  c o n s i d e r a b l e  s i n c e  t h e  c u r v a t u r e s  i n v o l v e d  
w ere  s m a l l*  From t h i s  i t  was p l a i n  t h a t  f o r  h i g h e r  c u r v a ­
t u r e s  t h e  e r r o r s  c o u ld  be c o n s i d e r a b l e .  M o reo v e r  t h e  
e r r o r s  c a u s e d  c o u ld  be d i f f e r e n t  i n  m a g n i tu d e  f o r  d i f f e r e n t  
c y l i n d e r s .  So P r e s t o n  tu b e  w i t h  t h e  a v a i l a b l e  c a l i b r a t i o n s  
c o u l d  n o t  be u s e d  i n  t h i s  s t u d y .
Many p r e v i o u s  i n v e s t i g a t o r s  b a s e d  t h e i r  c a l c u l a t i o n s  
o f  s k i n  f r i c t i o n  on some fo rm  o f  i n n e r  l a w .  B u t a g a i n ,  
c o m p a r in g  t h e  i n n e r  la w s  o b t a i n e d  by d i f f e r e n t  p e o p le  by 
d i f f e r e n t  m ean s ,  one m ig h t  i n f e r  t h a t  a  s i n g l e  g e n e r a l  
i n n e r  law  was n o t  a p p l i c a b l e  f o r  a l l  c u r v a t u r e s .  A t l e a s t  
one c o u ld  d e f i n i t e l y  q u e s t i o n  t h e  i d e a  o f a  s i n g l e  i n n e r  
law  v e l o c i t y  p r o f i l e .  I n  t h i s  l i g h t  t h e  c a l c u l a t i o n  o f  
f r i c t i o n  b a s e d  on a  v e l o c i t y  p r o f i l e  was a l s o  q u e s t i o n a b l e .
The o n ly  way open  was t o  c a l c u l a t e  f r i c t i o n  u s i n g  
momentum t h i c k n e s s .  The a v e r a g e  f r i c t i o n  c o e f f i c i e n t  c o u ld  
be o b t a i n e d  f ro m  t h e  momentum t h i c k n e s s  d e t e r m in e d  f ro m  th e  
e x p e r i m e n t a l  v e l o c i t y  p r o f i l e .  B ut t h e  l o c a l  f r i c t i o n  
c o e f f i c i e n t s  f o u n d  b y  t h e  s l o p e  o f  t h e  momentum t h i c k n e s s  
a t  e a c h  p o i n t  a r e  n o t  a c c e p t a b l e  s i n c e  t h e  m e a su re m e n t  o f  
a  v e r y  s m a l l  s l o p e  c a n n o t  be v e r y  a c c u r a t e .  T h i s  d i f f i c u l t y  
was overcom e by  u s i n g  t h e  pow er law  o b t a i n e d  by  e x p e r im e n t  
w i t h  t h e  f o l l o w i n g  a n a l y t i c a l  a p p r o a c h .
u /U  = ( y / 6 ) 1 / n  1
u T = 2
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E q u a t i o n  1 was n o n d i m e n s i o n a l i z e d  u s i n g  e q u a t i o n  2 t o  g e t  
e q u a t i o n s  3 an d  4 .
u / u »  = c 3
_ J® c - 2n / ( l + n )  y 2 n / ( 1+n)  ^ V j2 / ( l + n )  ^
6
f rom  s e c t i o n  4 - 3
= J .  Q x / v )  ( 1 -u /U )  (1  + y / a )  d y  5
t a  _  Cy _ d <f ? 6
f l ?  * d x
c o m p a r in g  5 an d  6
^  = ^  U2 - i ( u / u )  (1 -u /U )  ( 1 + y /a )  d y  7
The i n t e g r a t i o n  i n  e q u a t i o n  7 was p e r fo rm e d  u s i n g  e q u a t i o n  
1 ( s e e  A p p e n d ix  3 . ) »  The r e s u l t i n g  e q u a t i o n  i s  a s i
= f u 2 ( n  . n  6  )  &6  8
( (n+ 2 ) ( n + 1 ) ( S n + l ) ( n + i )  a  ) d x  
The e x p r e s s i o n s  f o r  a  i n  e q u a t i o n s  8 an d  4  w ere  e q u a t e d  
and  t h e  r e s u l t i n g  e x p r e s s i o n s  i n t e g r a t e d  w i t h  r e s p e c t  t o  x 
t o  g e t  (A p p e n d ix  3 , ) i
J t m ( n + 3 )  -  o - 2 n / ( n + 3 )  ^ - 2 / n + 3 )  n n (n + 1 ) / ( n + 3 )
d ( 1 + 2(2TST) a> ~ C - X X [ u 4 2 ) ( n + $ j  ?
u s i n g  e q u a t i o n s  4  an d  6
Cj, _  2c“2n/^1+n  ^ u “ 2/ d + n )  ^_v_j2/(l+n) 1Q
E q u a t i o n s  9 an d  10 w ere  u s e d  t o g e t h e r  w i t h  e x p e r i m e n t a l
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r e s u l t s  t o  c a l c u l a t e  t h e  l o c a l  f r i c t i o n  c o e f f i c i e n t s .  The 
f a c t o r s  i n  e q u a t i o n s  9 an d  10 w ere  d e t e r m in e d  t o  a  good 
l e v e l  o f  a c c u r a c y  by e x p e r i m e n t .  So by t h i s  m e th o d  th e  
m e a s u re m e n ts  o f  t h e  s l o p e s  o f  momentum t h i c k n e s s  w h ic h  a r e  
s x ib je c t  t o  l a r g e  e r r o r s  w ere  a v o i d e d .
The r e s u l t s  o b t a i n e d  a r e  shown i n  F i g ,  2 0 ,  I t  
c o u ld  be s e e n  t h a t  t h e  l o c a l  f r i c t i o n  c o e f f i c i e n t s  o f  d i f ­
f e r e n t  c y l i n d e r s  a r r a n g e d  t h e m s e lv e s  i n  s e p a r a t e  p a t t e r n s .  
T h i s  f u r t h e r  s t r e n g t h e n e d  t h e  i d e a  o f  d i f f e r e n t  i n n e r  la w s  
f o r  d i f f e r e n t  c u r v a t u r e s .  F o r  t h e  f l a t  p l a t e ,  t h e  l / 7 t h  
pow er la w  a g r e e s  v e r y  w e l l  w i t h  t h e  u n i v e r s a l  v e l o c i t y  
p r o f i l e .
u / u *  = 5.75 l o g  y+ + 5 .5  
i n  t h e  r e g i o n  30 4  y+ <  3 0 0 .  I n  t h e  p l a c e  o f  1 / 7 t h
pow er law  o t h e r  pow er la w s  w i t h  s u c c e s s i v e l y  d i m i n i s h i n g  
in d e x  1 / n  w i t h  c u r v a t u r e  w ere  o b t a i n e d  i n  S e c t i o n  4 - .1 .
T h i s  f a c t  a l s o  p o i n t e d  o u t  t h a t  t h e  i d e a  o f a  u n iq u e  i n n e r  
law  f o r  a l l  c u r v a t u r e s  was n o t  a c c e p t a b l e .
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^•5*  A c c u ra c y  o f  t h e  r e s u l t s
A c o m p le te  e s t i m a t i o n  o f  t h e  a c c u r a c y  o f  a l l  r e s u l t s  
i s  n o t  a t t e m p t e d  i n  t h i s  s e c t i o n .  The e r r o r s  f rom  d i f f e r e n t  
s o u r c e s  a r e  s t a t e d  an d  t h e  a p p r o x im a te  m a g n i tu d e  o f  e a c h  
i s  i n d i c a t e d .
A c c u r a c y  o f  m a n o m e t e r  r e a d i n g s  .   . . . . . . . . . . . . . . . . . . . . .+$%
A l i g n m e n t  o f  t e s t  c y l i n d e r
in  w ind t u n n e l  . . . . . +  0 . 0 5  in c h
in  w a t e r  t u n n e l ..................................................................+ 0 . 0 1  in c h
T e m p e ra tu re  f l u c t u a t i o n s    + 3 F
C o r r e s p o n d in g  f l u c t u a t i o n s  in
a b s o l u t e  v i s c o s i t y  ( f o r  a i r .......................................
( f o r  w a t e r  . , . . . . + 2 . 3#
F l u c t u a t i o n s  i n  p r e s s u r e
f o r  a i r .................................................................................0 . 6%
f o r  w a t e r .................... .......................................................v e r y  s m a l l
T o le r a n c e  o f  c y l i n d e r s ........................................................+ 0 .0 0 1  in c h
c a l i b r a t i o n  e r r o r s  , ,  ,  ..............................................± 2%
A r o u g h  e s t i m a t i o n  o f  t h e  e r r o r s  in  some o f  t h e  
d e r i v e d  r e s u l t s  c o u ld  be made a s  shown: 
e r r o r  in  &
y /6  = ( u /u )n
I t I = H J  + n R I
A lth o u g h  t h e  d i a l  i n  t h e  t r a v e r s i n g  m echanism  5s 
m arked up t o  O .O O l", due  t o  t o l e r a n c e s  on d i f f e r e n t  p a r t s  
o f  t h e  m echanism  t h e  same a c c u r a c y  c o u ld  n o t  be  c l a i m e d .
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0 . 0:100 in c h  a c c u r a c y  c o u ld  be s a f e l y  assum ed  a n d  c o n s i d e r i n g  
t h e  b o u n d a ry  l a y e r  t h i c k n e s s  t o  be r o u g h ly  one i n c h  d y / y  
i s  e s t i m a t e d  t o  be 0 . 0 1 .
The maximum v a l u e  o f  n  c o u ld  be t a k e n  a s  1 6 .  
u 2 = k h  
2 d u / u  = d h / h  
f o r  a  maximum m anom ete r  r e a d i n g  o f  100 mm. a n d  a n  u n c e r ­
t a i n t y  o f  0 . 5  mm.
d u / u  = 1 /2  d h / h  = .0025
= .01 + 16 x  .0 0 2 5  = .05  = 5 %
I n  t h i s  a n a l y s i s  n  i s  assum ed  t o  be a c c u r a t e .  T h is  c o u ld  
be j u s t i f i e d  b e c a u s e  m o s t  o f t h e  e r r o r s  i n  t h e  v a lu e  o f  n 
a r e  random  e r r o r s  an d  a  mean o f  a  sam p le  o f  2 0 , w i l l  have  
a  v e r y  s m a l l  e r r o r .  The o n ly  e r r o r  i n  n  w h ic h  i s  n o t  
r a n d  cm i n  n a t u r e  i s  due t o  t h e  e r r o r  i n  b o u n d a ry  l a y e r  
t h i c k n e s s  i t s e l f .  T h i s  e r r o r  i s  c o n s t a n t  f o r  a l l  r e a d i n g s  
w h ic h  b e lo n g  t o  one v e l o c i t y  p r o f i l e .  So f o r  a  c y l i n d e r  
w i t h  5 s t a t i o n s  i n  t h e  s i m i l a r i t y  r e g i o n  and  v e l o c i t y  p r o ­
f i l e s  a v a i l a b l e  f o r  2 f lo w  s p e e d s ,  t h i s  e r r o r  a l s o  c o u ld  
be t r e a t e d  a s  a  random e r r o r  w i t h  a  sam p le  s i z e  o f 1 0 . 
However a  r o u g h  e s t i m a t e  o f  t h e  a c c u r a c y  of n  w i l l  be i n ­
d i c a t e d  by t h e  r o o t  mean s q u a r e  v a l u e  o f  t h e  d e v i a t i o n s  i n  
n f ro m  t h e  a v e r a g e  v a l u e .
F o r  0 .5  i n c h  d i a m e t e r  c y l i n d e r *  
t h e  a v e r a g e  v a l u e  o f n  = 1 0 . 9
Mean o f  t h e  s q u a r e  o f  d e v i a t i o n s  f ro m  t h i s  ( s e e  T a b le  2)
= 0 . 2 6 5  ( f o r  w ind t u n n e l )
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
r . m . s .  v a l u e  = 0 .5 1 5  
. 5 1 5 / 1 0 . 9  = ^ .7 3 #
F o r  t h e  w a t e r  t u n n e l  t e s t s  t h e  c o r r e s p o n d i n g  v a l u e  i s  
. 1 5 / 1 0 . 9  = 1 . ^
From e q u a t i o n s  9 a n d  10 t h e  a p p r o x im a te  e r r o r  i n  
f r i c t i o n  c o e f f i c i e n t  was e s t i m a t e d  t o  be 15% %  F o r  t h i s  
e s t i m a t i o n  t h e  e r r o r  i n  b o u n d a ry  l a y e r  t h i c k n e s s  was assum ed  
t o  be 5 %  an d  t h e  e r r o r s  i n  t h e  v a l u e s  o f  n ,  x ,  a n d  U w ere 
n e g l e c t e d .
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5 .  CONCLUSIONS
The f o l l o w i n g  c o n c l u s i o n s  w ere  made f ro m  t h e  r e s u l t s  
o f  t h i s  e x p e r i m e n t a l  s tu d y *
The v e l o c i t y  p r o f i l e s  o f  t h e  t u r b u l e n t  b o u n d a ry  
l a y e r s  fo rm ed  on t h e  o u t s i d e  s u r f a c e  o f  c y l i n d e r s  may be 
c l o s e l y  a p p r o x im a te d  b y  a  pow er  law  o f t h e  fo rm
u /u  = ( y / 6 ) 1 / n  
The s h a p e  o f  t h e  v e l o c i t y  p r o f i l e s  i s  a f f e c t e d  by  
t r a n s v e r s e  c u r v a t u r e .  The i n d e x  1 / n  o f  t h e  pow er la w  d e ­
c r e a s e s  w i t h  i n c r e a s i n g  c u r v a t u r e .  The r a d i u s  o f  t h e  
c y l i n d e r  i s  f o u n d  t o  b e  r e l a t e d  t o  n  o f t h e  pow er l a w .  The 
r e l a t i o n  i s
(n  -  7) a * * ^  = 0 .6 2  w here  a  i s  i n  i n c h e s
The b o u n d a ry  l a y e r  t h i c k n e s s  a n d  th e  d i s p l a c e m e n t  
t h i c k n e s s  d e c r e a s e  w i t h  c u r v a t u r e .  I n  c o m p a r i s o n  t o  t h e  
f l a t  p l a t e  momentum t h i c k n e s s ,  t h e  momentum t h i c k n e s s e s  
o f  t h e  c y l i n d e r s  d e c r e a s e  w i t h  c u r v a t u r e  i n  t h e  i n i t i a l  
r e g i o n s  a n d  t h e n  g r a d u a l l y  i n c r e a s e  w i t h  a x i a l  d i s t a n c e .
The l o c a l  f r i c t i o n  c o e f f i c i e n t s  i n c r e a s e  w i t h  c u r v a ­
t u r e  .
The u + v s .  y+ r e l a t i o n  ( t h e  i n n e r  la w  v e l o c i t y  
p r o f i l e )  d o e s  n o t  r e m a in  c o n s t a n t  f o r  a l l  c u r v a t u r e s .
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APPENDIX 1
C om pute r  p rogrammei
The n u m e r i c a l  v a l u e s  o f  k i  a n d  w ere  d e t e r m i n e d  by- 
s o l v i n g  t h e  a b o v e  e q u a t i o n  p a r a m e t r i c a l l y ,  a d o p t i n g  t h e  
m e th o d  o f  l e a s t  s q u a r e s .  The c o m p u t a t i o n a l  s t r a t e g y  was 
a s  f o l l o w s i
F o r  e a c h  v a l u e  o f  a ,  n  was c a l c u l a t e d  u s i n g  t h e  
s t a r t i n g  v a l u e s  o f  p a r a m e t e r s  k^  a n d  k2» The sum o f  s q u a r e s  
o f  r e s i d u a l s  ( n o b s  -  n c a l c )  was d e t e r m i n e d  an d  t h e  f u n c t i o n  
F was c a l c u l a t e d  u s i n g  t h e  f o l l o w i n g  r e l a t i o n !
w here  M i s  t h e  num ber  o f  d a t a  p o i n t s .
The o b j e c t  o f  t h e  programme i s  t o  f i x  t h e  n u m e r i c a l  
v a l u e s  o f  k* an d  k 2 s o  a s  t o  m i n i m i z e  t h e  f u n c t i o n  F .
The s u b r o u t i n e  FUNMIW a l t e r s  t h e  p a r a m e t e r s  kj_ an d  
k 2 a n d  c a l l s  t h e  s u b r o u t i n e  FUNVAL t o  c a l c u l a t e  t h e  new 
v a l u e  o f  F^ w i t h  t h e  new v a l u e s  o f  k^  a n d  k£  a n d  r e t u r n s  
t h e  c o n t r o l  t o  FUNMIN. Fj_ i s  com pared  w i t h  F 0 an d  t h e  
p a r a m e t e r s  r e a d j u s t e d  so  a s  t o  p u s h  t h e  f u n c t i o n  F t o w a r d s  
t h e  minimum. T h i s  p r o c e s s  i s  r e p e a t e d  u n t i l  a t  a n y  s t a g e ,  
f o r  e a c h  p a r a m e t e r ,  t h e  r a t i o
becomes  l e s s  t h a n  E w here  E i s  a  v a r i a b l e  f i x e d  i n  t h e
F
M -  1
( c u r r e n t  v a l u e  o f  t h e  p a r a m e t e r  „ !  ) 
( p r e v i o u s  v a l u e  o f  t h e  p a r a m e t e r  )
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p r e s e n t  c a s e  a s  10“ ^ .  The s u b r o u t i n e  FIINIFUN c a l c u l a t e s  
f o r  e a c h  v a l u e  o f  a  u s i n g  t h e  f i n a l  v a l u e s  o f  k i  an d  k2 
a s  t h e  b e s t  v a l u e s ,
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A P P E N D IX  I
A Programme f o r  L i n e a r  L e a s t  S q u a r e s  F i t  f o r  t h e  C o r r e l a t i o n  
o f  n and R a d i i  o f  C y l i n d e r s ,  w r i t t e n  I n  FORTRAN IV Language
MAIN
COMMON M, R ( 5 0 ) ,  P (50 )
DIMENSION X(1 6 ) ,  IRUN(18)
READ( 5 , 1 1 1 ) M, ( R ( I ) ,  P ( I ) ,  1 = 1 , M)
111 FORMAT ( 1 3 / ( 2 F 1 0 . 0 ) )
112 READ ( 5 , 1 1 3 )  IRUN
113 FORMAT(1H1, 2X, 18A4)
WRITE ( 6 ,  113) IRUN
114 READ ( 5 , H 5 )  L
115 FORMAT (13)
116 READ ( 5 , 1 1 7 )  N , E , IPRINT, ( X ( I ) ,  1= 1 ,N)
117 FORMAT ( I 2 / F 1 0 . 0 / 1 2 / ( 2 F 6 . 3 ) )
WRITE ( 6 , 1 1 8 )  E ,  ( X ( I ) ,  1 = 1 , N)
118 FORMAT (9H0 ERROR = , F 1 0 . 6 ,  3X.3^H STARTING VALUES OF PAR­
AMETERS ARE,
:li6(3X,f i o .3) )
RES=0.
L=L-1
CALL FUNMIN (N ,L ,X ,  RE S ,E , IPRINT)
WRITE ( 6 , 1 1 9 )  RES, ( X ( I ) ,  1= 1 ,N)
119 FORMAT (1H0, 2 X ,E 1 1 .4 ,  l 6 ( 2 X , F 7 . 4 ) )
STOP
END
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SUBROUTINE FUNMIN ( N ,L ,X ,R E S ,E , IPRINT)
DIMENSION X ( l 6 ) ,  F ( l 6 ) , P ( l 6 ) , X X ( l 6 ) , H H ( l 6 ) , Z ( l 6 , 16)  
EQUIVALENCE ( F F , F 2 ) , ( A , F 3 , H ) , (B,YW)
DO 2 1 = 1 , N 
DO 3 J=1*N
3 Z ( I , J ) = 0 .
HH( I ) = 0 , 5 * X ( I )
2 Z ( I , I ) = 1 .
CALL FUNVAL (L ,X ,F 1 )
6 DO *4- 1=1,  N
4 P ( I )  = X ( I )
YO = F I
DO 777 1 = 1 , N 
LINK =0 
GO TO 99
501 F ( I ) =FF 
777 YO = FF
DEL = F (1)  - F I  
MAX =1 
DO 7 1 = 2 , N 
D=F(1 - 1 )  -  F ( I )
I F  (D-DEL) 7 , 7 , 8  
8 DEL =D 
MAX =1
7 XX(I) = 2 , * X ( I ) - P ( I )
XX(1) = 2 , * X ( 1 ) - P ( 1)
CALL FUNVAL (L,XX,F3)
IF  (F 3 -F 1 )  1 0 ,  5 0 2 ,  502
10 I F  ( ( F 1 - 2 . * F 2 + F 3 ) * ( F 1 - F 2 - D E L ) * * 2 - .5 * D E L * ( F 1 - F 3 ) * * 2 ) 1 1 , 5 0 2 ,5 0 2
11 IF  (MAX-N) 2 5 ,  2 6 , 2 5
25 MAX = MAX+1
DO 15 1= MAX.N 
DO 14 J=  1,N
14 Z ( I - 1 , J )  = Z ( I , J )
15 H H ( I - l )  = H H ( I )
A = 0 .
26 DO 16 1 = 1 , N
B = X ( I ) - P ( I )
A = ABS(B) + A
16 Z ( N , I )  = B 
HH(N) = A
I  = N 
LINK = 2 
GO TO 99
502 F I  = FF
IF  (IPRINT - 1 )  1 9 , 1 8 , 1 7  
18 WRITE ( 6 , 2 0 0 )  FF 
GO TO 19
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17 WRITE ( 6 , 2 0 0 )  L , F F , ( X( I ) ,  1 = 1 , N)
200 FORMAT ( 1H0, 13 ,  2X, E l l . 4 ,  1 6 ( 2 X .E 1 1 . 4 ) )
19 DO 20 1= 1,N





99 H = ,2*H H (I)
LINK2 = 1 
GO TO 100
111 CALL FUNVAL (L ,X ,Y1)
IF  (Y1-Y0) 8 5 ,  8 5 ,  83
83 H = -H 
LINK2 = 2 
GO TO 100
112 YW = YO 
YO = Y1 
Y1 = YW 
GO TO 85
80 YO =Y1 
Y1 = Y2 
85 H = H+H 
LINK2 = 3 
GO TO 100
113 CALL FUNVAL (L ,X ,Y2)
IF  (Y2 - Y l )  8 0 ,  8 0 ,  90
90 HH(I)  = H
H = H * ( . 7 5 * ( Y1-Y2) / ( Y2-3.*Y1+Y0+Y0) - . 5 )  
LINK2 =4
100 DO 101 J=  1 ,N
101 X (J )  = H * Z ( I , J )  + X (J )
GO TO ( 1 1 1 , 1 1 2 , 1 1 3 , 1 1 ^ ) ,  LINK2 
11^  CALL FUNVAL (L ,X ,F F )
IF  (LINK) 5 0 2 ,  5 0 1 ,  502 
END
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FUNVAL
SUBROUTINE FUNVAL (L ,X ,F 1 )
COMMON M ,R (50) ,  P (5 0 )
DIMENSION X ( l 6 ) ,  PCALC(50)
SUM = 0 .
DO 999 J  = 1,M
PCALC(J) = ( X ( 2 ) / ( R ( J ) * * X ( 1 ) ) )  + 7 . 0  
999 SUM = SUM + ( P ( J )  -  PCALC( J ) ) * * 2  
F I  = 100 ,*SQRT( SUM/FLOAT (I ' l- l )  )
WRITE ( 6 ,  998)  L ,F 1  
998 FORMAT (2^H0 NUMBER OF ITERATION = , 1 5 ,  3X,
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FINFUN
SUBROUTINE FINFUN (X)
COMMON M, R ( 5 0 ) ,  P (5 0 )
DIMENSION X ( l 6 ) , PCALC(50), D IFF(50)
DO 998 J  = 1,M
PCALC(J) = ( X ( 2 ) / ( R ( J ) * * X ( l ) ) )  + 7 .0  
998 D IF F (J )  = P ( J )  -PCALC(J)
WRITE ( 6 , 9 9 7 )  M 
997 FORMAT ( 1H0, 10X, 36H RAD(IN) IND(OB) IND(CA)
5X, 2HM=, 1 3 , / / )
WRITE ( 6 , 9 9 6 )  ( R ( J ) , P ( J ) ,  PCALC(J),  D I F F ( J ) , J=1,M) 
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APPENDIX. 9.
Co ns id er  an e l e m e n t a l  r i n g  o f  width dy c o n c e n t r i c  wi th  
the c y l i n d e r .
Let  the  r a d i u s  o f  t he  r i n g  be ■ a+y 
The area  o f  t he  r i n g  1ti 2 TT( a+y) dy 
Let  the  v e l o c i t y  1n t h i s  area  be ■ u 
Then
U 21T £. a -  /  ( U - vl) 2TT (a+y)  dy
A
bx ■ /  ( 1 - u / U )  ( 1 + y / a )  dy
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1/ n
u/U = (y/6 )
APPENDIX. 3.
1 / 2
from e q n s . 1 and 2 
1/n
u/u * C ( y u r )
( -V )
- 2 n / ( l + n )  2 n/ ( 1+n ) . 2 / ( l + n )t-a - J> c u ($)
4s  ■ 1  u/U ( 1 - u / U )  ( 1 + y / a )  dy
? a  » C?- s d <$2
”1 2 2 3 x ~
•f U
from e q n s .  5 and 6 
-n 2 r*Co. » i> U d J u/U ( 1 - u / U )  ( 1 + y / a )  dy 
T ) T  , 1/n 1/n
2 d  /  ( y / i  ) ( 1- y / A )  ( 1+ y / a ) d y
* f  U dx
2 f 6  1/ n  2/ n  1/n
I .  Jo 'j* U d
dx 6 l / n
2 1/n
+ f J L  <L 1/ ^  J,  y
a dx








L 6  ( 1+ 1/ n )
6 1+2/n 
( 1 + 2 / n ) i  Vn
+ JP_U_ d 
a dx/
^ 2 + 1 / n
1/n
2+2 /n
_ <5 ( 2+ 1/ n ) ( 2+2/ n )  _
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' t a .
f l
2
f  U d  f n 6 -  n 6 1 + 0 .  d f ^ n  - n
dx j^l+n 2+n,J a Bx |_ l+2n 2+2n
2 2 
- f  U ( ( n + 2 ) - ( n + l ) ) n  d S  + f u  n d 6*
( I +n1 '  ( 7 + n j  Bx T  ( l +2n)  ( 2+2n)  B7
f  U f  n + n  1 d^
J jn +1 )  (n+2)  ( 2 n + l ) ( n + 1 )  a J dx 8
combi n i ng  w i t h  e q u a t i o n  6
r  - 2 n / (  1+n) 2 n / ( l + n ) - 2
I n + n do « C U
| n + l ) ( n + 2 )  ( 2 n + l ) ( n + 1 )  a J dx
2 / ( 1 + n )
( ^ / 4 )
/  2 / ( 1+n) ( 3 + n ) / ( 1 + n )
n 0 +  n 6 do
( n + 1 ) ( n + 2 )  ( 2 n + l ) ( n + 1 )  a Bx
- 2 n / ( 1 + n )  - 2 / ( 1 + n )  2 / ( l + n )
C U V
I n t e g r a t i n g
( 3+n) / ( 1+n) (4+2 n ) / ( 1+n)
n (1+n)  X + n (1+n)  6
( n + 1 ) ( n + 2 ) ( 3 + n )  0  ( 2n+l ) (n?T11 ' 4+2n) '  a
- 2 n / ( 1 + n )  - 2 n / ( 1 + n )  2 / ( l + n )
•  C . U v  x
. ( 3 + n ) / ( 1 + n )  . . ( 3 + n ) / ( 1 + n )  - 2 n / ( l + n )
n o  + n o O  « C
( n+2") (n+3)  ("2n+lTT n+T)"2" "a  ”
- 2 / ( 1+n) 2 / ( 1+n)
U ^  x
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n 6  
( n + 2 ) ( n+3)
( 3 + n ) / ( 1 + n )
[ l+ (n+3)  6  1
L ( 2 n+1 ) 2  a J
- 2 / ( 1+n) 2/ ( 1+n)
U -9 x
1 + n+3 ^
! 2 ( 2n + l )  a . Tn+27 Tn+J)j
-2  n/ ( n+3) - 2 / ( n+3)
C x Rx
- 2 n / ( 1+n)  
* C
l + n ) / ( 3 + n )
9
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